Inspired by the work of Pratt and coworkers on a sum rule for the polarization correlations in electron bremsstrahlung when the outgoing electron is not observed, we derive the corresponding sum rule for the elementary process of bremsstrahlung. This sum rule is valid for arbitrary electron wavefunctions provided the electron is emitted in the reaction plane. The numerical evaluation of this sum rule within the Dirac partial-wave theory for bare inert spin-zero nuclei and collision energies in the range of 1 − 10 MeV reveals violations for high nuclear charge. Such violations serve as a measure of the inaccuracies in the bremsstrahlung calculations.
I. INTRODUCTION
The elementary (e, e γ) process of bremsstrahlung in electron-atom or electron-nucleus collisions has been thoroughly studied in the past [1] [2] [3] . The measurement of polarization correlations between the incoming electron and the outgoing photon provides a sensitive test of the relativistic dynamics of polarized electrons in strong nuclear fields. Profiting from recent advances in polarimetry [4] [5] [6] , the measurement of polarization correlations has become a field of current interest, covering collision energies up to 3.5 MeV [5, 7, 8] . Also in low-energy nuclear structure studies experiments with polarized electrons are planned, where knowledge on bremsstrahlung is crucial since it contributes essentially to the background of excitation spectra [9] [10] [11] or to photon angular distributions from the coincident nuclear excitation and decay [12] in case of heavy nuclei [13] .
Sum rules for the polarization correlations have always been a matter of interest. A sum rule pertaining to elastic electron (potential) scattering, L 2 + R 2 + S 2 = 1, which involves the three correlation parameters L, R and S (relating to the initial electron spin polarization along the three coordinate axes), has been known for a long time [14] . The equivalence between an elastically scattered electron and a bremsstrahlung photon at the shortwavelength limit, at collision energies high enough such that the electron's rest mass can be neglected, has therefore led to an approximate sum rule for bremsstrahlung in the case of strong nuclear fields [15] , where C 32 , C 12 and C 20 describe the polarization correlations between the incoming electron (with spin polarization along the coordinate axes as above) and a circularly polarized photon, assuming that the scattered electron is not observed.
Most recently, Pratt and coworkers have succeeded in deriving an exact sum rule which involves all seven polarization correlations (between the incoming electron and a linearly or circularly polarized photon), which are allowed by the time-reversal invariance of the transition matrix element [16, 17] . This sum rule, 2) holds independently of collision energy, nuclear charge number and photon momentum [17] . The only condition for its validity is the restriction to a single partial wave in the final electronic state, as well as to only two of its magnetic substates (those of opposite sign). A corresponding sum rule was also derived for photoionization, which can be considered as the reverse process of bremsstrahlung near the short-wavelength limit, and which is easier to handle theoretically [16] [17] [18] [19] .
There is yet another sum rule, also put forth by Pratt and coworkers [17] ,
which is approximately valid at small nuclear charge numbers and high collision energies.
In the present work a sum rule of the type (1.2) is derived for the polarization correlations occuring in the elementary process of bremsstrahlung (where outgoing electron and photon are observed in coincidence). In contrast to the doubly differential case studied in [17] where the final electronic partial waves add incoherently, the triply differential case considered below involves a coherent sum over these partial waves. This is the reason why the corresponding sum rule is exact (for coplanar geometry) without any restriction on the number of final partial waves.
Early calculations of the bremsstrahlung process, going beyond the plane-wave Born approximation [20] , have applied semirelativistic (Sommerfeld-Maue) wavefunctions for the electronic scattering states [1, 3] . However, for heavy nuclei, this approach is inferior to the Dirac partial-wave (DW) theory which uses exact solutions to the Dirac equation and which has become standard nowadays [21] [22] [23] [24] . Since for very high collision energies the DW theory suffers from serious convergence problems, its applicability is restricted to energies below 30 MeV [25] .
The paper is organized as follows. In Section II the partial-wave theory for bremsstrahlung is outlined and the sum rule is explicitly derived, profiting from a symmetry relation for the transition amplitudes. Section III provides a numerical test of the sum rules. The charge numbers Z T = 4 and 82 at collision energies 1 MeV and 10 MeV, respectively, are considered. Concluding remarks are given in Section IV. Atomic units ( = m = e = 1) are used unless indicated otherwise.
II. BREMSSTRAHLUNG THEORY AND THE POLARIZATION CORRELATIONS
In this section an evaluation of the spin-dependent triply differential bremsstrahlung cross section within the DW theory is given, from which the polarization correlations are obtained. Finally a proof of the sum rule
1) which is the equivalent of the sum rule (1.2) for the elementary process of bremsstrahlung, is provided. For the definitions see subsection B. Note the identification A ≡ C 200 , P 1 ≡ C 030 , P 2 (0) ≡ −C 310 and P 2 (90
A. Evaluation of the cross section
We describe the initial spin polarization ζ i of the electron in terms of the coefficients a mi (m i = ± [26] . Furthermore, the photon polarization λ is represented as a linear combination λ = σ=± f * σ σ of the basis vectors + and − for right-and left-handed circular polarization, respectively. For fixed ζ i and λ , but for unobserved final electronic spin states m s , the triply differential cross section for the emission of bremsstrahlung can be written in the following way [25] ,
where k i , E i and k f , E f are momentum and total energy of the electron in its initial and final state, respectively, ω is the photon frequency, f re a recoil factor, and dΩ k and dΩ f are the solid angles for photon and electron emission, respectively. We choose a coordinate system where the z-axis is taken along the beam directionk i . Furthermore, e y = k i ×k and e x = e y ×k i where k = k(sin θ k , 0, cos θ k ) is the photon momentum, such that the reaction (k i , k) plane coincides with the (x, z) plane. The initial and final electronic states are expanded in terms of partial waves [18, 25, 26] , e.g.
3) where ψ κm is the four-component partial-wave Dirac spinor which is solution to the Dirac equation in the potential generated by the nuclear charge distribution [27] , δ κ is the phase shift and (·|·) a Clebsch-Gordan coefficient [28] . The transition matrix element M f i is defined by
(2.4) Here Y lm is a spherical harmonic function and α a vector of Dirac matrices. Upon partial-wave expanding e −ikr and performing the angular integrals one obtains M f i in its most symmetric form,
In this expression, l = |κ + (such that |l − l| = 1). Further, R 12 and R 21 are the radial integrals,
where j λ is a spherical Bessel function and g κ and f κ are, respectively, the large and small components of the radial Dirac function. From the selection rules of the ClebschGordan coefficients in the curly brackets of (2.5), λ is
in the first sum, and to |l i − l f | ≤ λ ≤ l i + l f (step 2) in the second sum. The angular part reads
where * σ = =0,±1 c (σ) e has been expanded in terms of the spherical unit vectors e [28] . The expansion coefficients c (σ) are given by
Note that in the numerical evaluation of (2.5) with (2.7) one has to make use of the fact that the sums over m f , µ i , µ f , µ, become trivial, since the Clebsch-Gordan coefficients imply
B. Polarization correlations
If the electron spin (unit) vector ζ i is characterized by the spherical coordinates (1, α s , ϕ s ), the coefficients a mi are defined by [26] 
(2.10) The basis vectors for a linearly polarized photon are given by λ1 = (0, 1, 0) and λ2 = (− cos θ k , 0, sin θ k ). An arbitrary real (linear) polarization vector can likewise be represented in terms of the circular polarization vectors ± by means of
where ϕ λ is the tilt angle of λ out of the reaction plane.
The polarization correlations C ij0 are defined by the following representation of the cross section [29] ,
(2.12) where ζ i and ξ j describe the electron and photon polarizations, respectively [16, 17, 22] , while the last zero in the subscript of C ij0 relates to the observed unpolarized scattered electron. The prefactor denotes the cross section for unpolarized particles. In coplanar geometry (i.e. when k f lies in the reaction plane), there are again seven independent polarization correlations C ij0 [29] .
Originally, the polarization parameters were termed P i (Stokes parameters, see, e.g., [1, 24] ), but the P i agree with the C ij0 up to a possible sign. From (2.12) it follows that the C ij0 , respectively the P i , can be obtained from relative cross section differences (see, e.g. [1, 15, 30] ) which is the method used in experiments (see, e.g. [2, 6] ). The Stokes parameters P 1 , P 2 for the linear photon polarization are calculated from
, (2.13) where d 3 σ is defined by the rhs of (2.2), dropping the normalization prefactor. For the Stokes parameter P 1 , which is independent of α s , one has ϕ λ = 0. However, ζ i has to be in-plane (ϕ s = 0). For the Stokes parameter P 2 (α s ), one takes ϕ λ = π 4 . When ζ i is taken along the z-axis (α s = 0), (2.13) yields P 2 (0) = −C 310 , while for ζ i along the x-axis (α s = 90
• ) one obtains P 2 (90 • ) = C 110 . The circular polarization correlations P 3 (α s ) can also be obtained from (2.13) upon replacing λ (ϕ λ ) with + and λ (ϕ λ + π 2 ) with − . Then one has P 3 (0) = C 320 if ϕ s = 0 and α s = 0, whereas ϕ s = 0 and α s = 90
• give P 3 (90 • ) = −C 120 . On the other hand, the perpendicular spin asymmetry A, which does not depend on the photon polarization, is calculated from 14) where here, ζ i has to be perpendicular to the reaction plane (
, and the sum runs over two basis vectors of the photon polarization.
The last polarization correlation is accessible via 15) where P 1 (ζ i ) is calculated from (2.13) with ϕ λ = 0, while ζ i is defined as in (2.14) by ϕ s = − For the calculation of the cross section and the polarization correlations we note that there are 8 independent amplitudes M f i entering into (2.2) since each of the three spin variables can attain two values. For the denominator of (2.13), which is the unpolarized cross section, we obtain from (2.
For convenience, guided by [18] , the following abbreviations are introduced,
(2.17) Then, one gets the result
The other polarization correlations are calculated in the same way. For P 2 (90 • ), one obtains for example,
whereas the respective denominator of (2.13) leads to
From the comparison with M tot from (2.18) it follows that the eight amplitudes have to be interrelated.
C. The sum rule
Guided by the photoeffect studies of [16, 19] where time-reversal invariance reduces the independent amplitudes in the cross section to four, we derive a symmetry relation between the M f i . To this aim we must get rid of the sum over m s which is an incoherent sum. Using the explicit representation (2.5) with (2.7) of M f i , we can show that
(2.21) This is done by reversing for the lhs not only the sign of m i and m s , but the sign of all other magnetic quantum numbers appearing in (2.5) and (2.7) as well. This is possible because these are all summed over. In order to arrive at the rhs of (2.21) the following symmetry relations are used,
as well as (2.8) for the reversal of the circular polarization. For eliminating phase factors, the selection rules l i + λ + l f = even and l i + λ + l f = even, together with (2.9), are also applied. We note that the photon angular function Y λµ (k) in (2.7) is real because k lies in the (x, z) plane. On the other hand, the electron angular function has to satisfy
which requires a coplanar geometry (ϕ ∈ {0, π}). Recall that basically the Clebsch-Gordan algebra has been used for the derivation of (2.21). In particular, no information on the electronic wavefunctions entering into the radial integrals (2.6) is necessary. Also, no restriction of the photon or electron momenta is needed (beyond the requirement that k i , k f and k lie in one plane). From (2.21) one has K ± = −S ∓ and T ± = J ∓ , leading to the following simple representations of the polarization correlations,
and of the unpolarized cross section,
Thereby, use was made of Re z = Re z * and Im z = − Im z * . We note that this functional dependence on the four amplitudes J ± and S ± is identical to the one for photoionization at forward emission [18] (apart from a possible sign) if K ± in [18] is identified with S ± in (2.24) and (2.25), and if the correspondence between the polarization correlations in photoionization and bremsstrahlung [17] is used. Profiting from (Re (z)) 2 + (Im (z)) 2 = |z| 2 and from Im (z) = (z − z * )/2i, the sum rule (2.1), multiplied by M 2 tot , is readily verified with the help of (2.24) and (2.25).
From the above formalism the results of [17] for the polarization correlations pertaining to the doubly differential cross section are easily derived. The doubly differential cross section is calculated from the same transition matrix element as appears in (2.4), but with the basic difference that the partial waves are added incoherently (see, e.g. [25] ). Thus, this cross section can still be represented in terms of amplitudes J ± , S ± , K ± and T ± which now depend additionally on the final-state partial wave numbers κ f and m f . Only if just a single κ f contributes to this sum, together with two m f states of opposite sign (which correspond to the two m s states in (2.2)), the symmetry relation (2.21) remains valid, from which the sum rule (1.2) follows.
III. NUMERICAL TEST OF THE SUM RULES
The radial Dirac functions entering into the partialwave representation of the electronic scattering states are obtained by solving the Dirac equation with the help of the Fortran code RADIAL [31] . The nuclear potential for 208 Pb is generated from the Fourier-Bessel expansion of the nuclear charge density [27] . For a nucleus with charge number Z T = 4 a pure Coulomb potential is used since for collision energies of a few MeV nuclear size effects play no role. For the evaluation of the radial integrals the complex-plane rotation method [23, 32] is applied in a refined numerical code [25] . Recoil, being very small for our cases of interest, is neglected throughout. Since only bare nuclei are considered, any screening effects by target electrons are disregarded.
A. Doubly differential cross section (DDCS)
By taking Z T = 4 and choosing the same collision geometry as in [17] (E i,kin = E i − c 2 = 1 MeV, ω = 0.5 MeV, restriction to l f = 0 final states), the results from Table III of [17] for the seven polarization correlations could be verified, as well as the validity of the sum rule (1.2), within 0.1%. However, for a heavy nucleus such as 208 Pb, this sum rule is no longer satisfied to such an accuracy. This is shown in Fig.1a where a collision energy of 10 MeV and ω = 9.9 MeV was chosen. The largest deviation from unity occurs at backward photon angles (θ k ∼ 170
• ) and amounts to 3%. This mirrors the accuracy of the partial-wave approach, the convergence being poorest at the backmost angles. Results for the sum rule (1.1) are also displayed. They are close to unity, mostly within 1% except at very small angles θ k . However, the sum rule (1.3), suggested in [17] , is strongly violated for such a high nuclear charge. This can be ex- plained by the angular distributions of the spin asymmetries C 20 and C 03 (see Fig.1b ) which differ strongly from each other in the backward regime. While C 03 remains close to zero, C 20 , increasing proportional to Z T /c, approaches its maximum value 1 near 170
• at a collision energy around 10 MeV. If all partial waves of the final state are included, the polarization correlations change (see [25] for C 20 ), resulting in a strong violation of the sum rule (1.2). Note that the approximate sum rules (1.1) and (1.3) imply no restrictions on the final state. However, at very large impact energies, a condition for their validity, it is mostly the s 1/2 waves which contribute to the emission of hard photons.
B. Triply diferential cross section (TDCS)
Since the polarization correlations for the elementary process of bremsstrahlung obey the sum rule (2.1) for arbitrary final electronic states, we have considered in the plots of this section all final partial waves which are necessary for the convergence of the partial-wave expansion. For a final kinetic energy E f,kin = 0.5 MeV, about twenty partial waves are included, while for E f,kin = 0.1 MeV, ten are sufficient (|κ f | ≤ 11, respectively |κ f | ≤ 5).
Apart from examining (2.1), we also consider the approximate sum rules corresponding to (1.1),
and to (1.3),
In our first example we show in Fig.2a the angular dependence of the sum rules for Z T = 4 and a collision energy of 1 MeV. Except near θ k = 350
• the sum rule (2.1) is, irrespective of the electronic final momentum, satisfied within 1%, which is less accurate than the doubly differential case treated in [17] . Also the sum rule (3.2) holds for most angles within 1%. For this low-Z T target, A is very small while the first Stokes parameter P 1 oscillates strongly with a large amplitude (Fig.2b) . Consequently, the replacement of P 1 by A in this sum rule induces very large deviations from unity. Of course, the resulting sum rule (3.1) is not expected to hold at low Z T .
The heavy nucleus 208 Pb is treated in Fig.3 . While in the case of an unobserved electron the inclusive sum rule (1.2) for the spin asymmetries is quite well satisfied, this is no longer true for (2.1) where the scattered electron is observed in coincidence with the bremsstrahlung photon. For the same collision parameters as in Fig.1 (E i,kin = 10 MeV, E f,kin = 0.1 MeV), the deviations from unity amount up to 20% in an extended θ k -region around 180
• (Fig.3a) . Neither of the approximate sum rules (3.1) or (3.2) are valid for this nucleus. Matters do not improve when the scattering angle is varied. However, the sum rules (2.1) and (3.1) are at most photon angles the better satisfied, the higher the collision energy and the less energetic the scattered electron. Fig.3b displays the corresponding polarization correlations. It is seen that for θ k < 180
• their angular dependencies closely resemble those shown in Fig.1b . However, in particular for the spin asymmetries C 120 and P 1 , convergence problems in an angular regime around 180
• manifest themselves in terms of (unphysical) wiggles. These inaccuracies are the cause of the strong violation of the sum rules (2.1) and (3.1) for such angles.
IV. CONCLUSION
Using the relativistic partial-wave formalism, an exact sum rule for the polarization correlations pertaining to the elementary process of bremsstrahlung has been derived. Although this sum rule is shown to be valid in coplanar geometry for any collision parameters such as nuclear charge as well as energy or emission angle of the participating particles, a numerical proof fails when the nucleus is heavy. Thus the deviations from unity may serve as a measure of the accuracy of the numerical calculations. However, one has to keep in mind that the polarization correlations, which are related to cross section differences, are determined with a much poorer accuracy that the cross sections themselves.
Finally we want to point out that the present theory, although considering finite nuclear size effects, disregards magnetic scattering and the dynamical recoil which are important for electron scattering from nuclei with spin when the collision energy exceeds a few tens of MeV [33] . An additional (incoherent) summation over the (unobserved) final nuclear spin states will of course spoil the sum rule.
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